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[Introduction

This paper is concerned with the following problem.

L be a finite galoisian field extension of a field K,
1 Galois group B. Let furthermore M be a finite galoisian
Ld extension of L with Galois group A. Then the Galois
1ip G of M/K —i.e. the Galois group of the least normal
Ld extension N of K containing M—is completely determined
;he given extensions.

Our problem is to determine the set S(B,A) of all
sible Galois groups of M/K that may occur if arbitrary
:nsions L of arbitrary fields K and arbitrary extensions
> L, with Galois groups B and A, respectively, are
sidered.
act, we prove.
orem.Let A and B be two given finite groups. Then any
nent G of S(B,A) can be obtained as a subgroup of the
ith product AlB of A and B. AlB is itself an element
3(B,A).

From the theorem it follows immediately that AlB is
group with the least possible order satisfying the
erty that it contains a copy of each GES(B,A). Apart
n this one easily computes that the maximal possible
ree of a field N as defined above 1is bab, where a and
e the respective orders of A and B. The order of the
ath product A1B however is also boabn For the definition
che wreath product see M. Hall [1] s P. 81 or M.Krasner
L. Kaloujnine [2] .

>roof of the theorem

Let KcleMeN be finite field extensions such that L/K
zaloisian with Galois group B, M/L galoisian with Galois
1p A, while N is the least galoisian extension field

{ containing M.,
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may, in order to prove the theorem, assume K to be
inite. For if K is finite, then M=N and B and A are
lic, while the Galois group of M/K isa group extension
A by B. These group extensions however are contained
the wreath product Al1B, by the immersion theorem of[2],
Let {94,.,., Pb} be a set ofconjugates of L/K, b
ng the order of B. Let furthermore {dq,oo,,ué- be a
of conjugates of M/L, a being the order of A. Choose
K such that )ﬁ1 = o, + cfy is a primitive element for
(s45p4) . Denote g+ cp, DY /%j(j=1,,,,,a). Let Ty ¢
a-pi(ﬂ < i € b) denote the K-automorphisms of_L, and
ose pz every Ti an extension K-automorphism Ty of N,
'ine 'E'i o(j = % and let /ij = dij tCeR,. Then
= “j (j=4,..o,a%, Now, the elements [iq,aoe%/ia are
v every i (1§ i € b) the zero's of an irreducible
ynomial fi with coefficients in L, while the set of
[ij are the zero's of the polynomial f=f 050 fy
;h coefficients in K. £ is irreducible as the degree
of £ is equal to the degree of the field K()qﬂ) =
:(“13F1) over X, /aﬂ being a zero of f. It follows that
/ij) = K(ecj,(ai) so that K(/M,,“,/ba) is the least
mal rield extension of K containing M; thus N=K()y4s - efpa)-
So the Galois group G of N/K can be represented
a permutation group of the elements yij° We will show
.s permutation group to be embeddable into the wreath
yduct of the permutation group A (on the set-{d1,.,°,d

)

oy}

| the permutation group B (on the set{ﬁq,og.,ﬁb}). We
)ly an old trick, by which the permutations of G are
'ried over to permutationsof a set of indeterminates.

; t1’°°"ta be a set of indeterminates, and form the
ressions y,, = ty Jaq®t oo+t /%a s OY,, where o

1s through the Galois group A of M/L (& permutes the
:ment s /14’°°°’[1a in just the same way as the elements
PR . respectively).
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elements ¥, 4, quthe A) are conjugates with resp
L, = L(tq,...,ta). Let f,, be their (irreducible)
ynomial. Then the coefficients of this polynomial

uniquely expressed in the form

ao(tq,...,ta)+a,](t,‘,...,ta) (3,]+...ab_1(t,],...,ta)
h ai(tﬂ""’ta) € K, = K(tq,..,ta). Now, the group
sisting of all permutations of tq’-‘°’ta leaving ¢
nt elements ai(t1""’ta) thus obtained invariant,
same as the permutation group A (of the elements
1,...,//18 ;nstead of t,,...,%, respectively); See
this [ 3], §61. If we apply a K-automorphism T, to
then £,  is carried into a conjugate (irreducible
ynomial, fit say, which is obtained by replacing ¢t
fficients of f,, having the form (1), by their
Jjugates

ao(tq,...,ta)+aq(t1,...,ta) F1+"‘+ab-1(t1""’ta

1 T —_— —_
zero's of fit are necessarily Tiyqq = y11 =

- faq* o0+t T, Ve =

1 J/i’l + ... + ta )/ia: Ti ry/]zl (féA)°

however, the joint coefficients (2) of f,; remain
ariant under precisely the same permutations of
.,t_ as those letting (1) invariant, i1t follows
n the same theorem of [3] that the Galois group of
with respect to L is the same permutation group A
the elements {11""’ /ia instead of t,,...,5, ©

qqs o rﬂa respectively).
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Now, let T be an arbitrary K-automorphism of N, the
striction of which to L is ti(1s i ¢ b). Then we show
i1t T can be represented as a permutation of /%1”"’//ba’
lch can be split into two permutations, one of which
‘mutes the sets formed by the zero's of the respective
lLynomials fq""’fb according to the permutation
1_*731 of B, leaving the second indices of the /ﬁj
rariant, while the other permutes the zero's iﬂ”"’/&a
each polynomial fi according to a permutation occurring
the Galois permutation group A of the zero's of fi. So
.8 second permutation will be a permutation of the
‘ect product AX... XA (Db times) on the set V= {/%1""’/%a§’
.le the first one permutes the subsets V1= {/aqy.,.,/%a},
s Vp=1)p1s++ sfpal ©F V according to B. The full set
all permutations on V generated by B and AX.. xA
lever, is just the wreath product of A and B.

Now, the possibility of splitting the permutation
V representing T into two permutations of the described
d follows readily by the following argument. Under T
: set V4 1s carried into the set Vi’ whereas at the
e time the second indices of the elements /Aﬂ""’faa
V1 are submitted to some permutation 7. So T can be
it into two permutations, the first one given by
j_¢Wrij(1 £ j %¢a), the second one by ™. If we apply
se permutations to the zero's of fﬂt respectively,

n the coefficients (1) of £, are carried into the
fficients (2) of fip PV the first one, whereas 7
essarily leaves those coefficients invariant. But

re are no other permutations of /&ﬁ”“’//ia

ving the coefficients (2) of fit invariant than those
A.




narks on the theorem:

If N has maximal possible degree bab over K, then G is
isomorphic to ALB. The fact that there exist Galoisian
field extensions with group AlB follows by working

with purely transcendental field extensions over arbitrary
fields.

Not every subgroup of AlLB is of course an element of
S(B,A). One observes readily that only those group
divisors G of AlB occur in S(B,A) that contain a

subdirect product of AX...XA (b times) as an invariant

subgroup, with index b.

Let B be the Galois group of N with respect to L. Then
we have the exact sequence 1—>K —=G-—=B—1, by
Galois theory. AlB is a split extension

1—> AB 5 AIB—~B =1 where AP = ax.. xA (b times).
The embedding ¢ of G into AlB as given in the proof

of the theorem is easily shown to be such that the
following diagram is commutative

1— 2B M1B—B —1

fe e
G

1— A -

||
>B—>1.

By the theorem (and remark 2) the so called embeddabil-
ity problem for galolsian field extension can be
generalized. This problem, raised by Hasse (see P. Wolf
(4] ), takes the following form. Given any element
Ge S(B,A) and galoisian field extensions L/K and M/L
with Galois groups B and A respectively, then find
necessary and sufficient conditions that the Galois
group G' of M/K be isomorphic to G.
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